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We introduce a scheme for describing electromagnetic nondiffracting pulses propagating in isotropic and
lossless media characterized by a plasma-like refractive index. A family of nondiffracting waves in a dispersive
medium is analytically derived in the form of a generalizationXofvaves propagating in vacuum. It is also
shown how the ratio between pulse width and plasma length has a crucial effect on the pulse dynamics.
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The first theoretical attempt to reduce diffractive spread{fracting pulses are wave packets satisfying the shape-
ing of monochromatic fields dates back to Strattbh while  invariance conditionf(r ,,z,t)=f(r ,,z=Vt), which states
their first experimental _observa_tlon_ was reportec_i by Durninpat the pulse rigidly travels with velocity along thez axis.

[2]. In the polyc_hromatlc domain, Ilmlted-dlffr_actlon pulses |n order to specialize Eq(l) to describe nondiffracting
have been predicted by Lu and Greenlg&#5] in the form  jses; all the plane-wave components of the packet must
of X wave, a class of nondiffracting solutions of the free- satisfy the relationo=k,V. This implies that, in thek , , w)
space scalar wave equation. More recently, theoretical invegpace, a surfack (if it exists) is selected to which the inte-
tigations have been reported both in acousfi@s9] and  gration in Eq.(1) has to be restricted. It is worth noting that
electromagnetisnj10-19, together with remarkable effort {4 shape of such a surface depends on the spest on
aimed at generating and detecting nondiffracting pulsegne refractive index and, hence, on the dispersive properties
[20-24. A number of applications have been proposed like o the medium. As an example, in vacuum the surfige is

e.g., medical real-time imagin@5], optical microlithograhy ¢, conew=17Vlk , | (see Fig. 1, with 7=(V2/c?~1)"Y2, and
[26], dispersion compensatioj27-29, and generation of o ayistence requires that>c expressing the “superlumi-

long plasma fibers for guiding intense pul$és,31. naly” of nondiffracting pulses. In an arbitrary dispersive me-

As far as dispersive media are concerned, schemes hayg o, it is obvious that, whenever the imaginary part of the
been considered[32—-3q9 for describing nondiffracting ' ginary p

| hil tical | ¢ i refractive index is not negligible, the earlier surface cannot
pulses. However, while analytical examples of e.m. nondify,q yefined so that nondiffracting pulses do not exist; this is
fractive pulses in vacuum are available in the form>of

: : ) consistent with the fact that, in a highly lossy medium, a
waves, no closed-form expressions of nondiffracting pulse

o : . . ; f)ulse cannot propagate undisturbed. Therefore, the integra-
in dispersive media are yet been presented in the literatur

i . i . : &ion in Eq. (1) has to be additionally restricted to those parts
In this paper, we investigate nondiffracting pulses propa-

gating in isotropic plasmas. In particular, we develop a for- o
mal scheme to describe their behavior, and we find out &
family of analytical solutions which can be considered the
dispersive generalization of waves.

The complex analytic signal associated to any cartesiar
component of an arbitrary electromagnetic pulse propagating
(along the positivez axig) in a homogeneous and dispersive
medium is given by

_ 2,212
o=mV [kp +kl]

f(ri,z,t):f dedeLeikmész-wtfﬁ(ki,w), 1) 1Yo
0 c

P

where 1, =x&+yg, k, =k&-+k@, d*k, =dkdk, k,
=0’n¥(w)/?-|k [, n(w) is the refractive index, anf is
an arbitrary well-behaved function of its arguments. Nondif- K

FIG. 1. Relations betweew andk, =]k | of a nondiffracting
pulse propagating in vacuurfw=7%Vk;) and in a plasmaw
*Electronic address: alessandro.ciattoni@aquila.infn.it = nv(k§+ k3)1/2].
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of the surfaceX that are sufficiently far from regions sur- A _ _

rounding the resonance frequencies of the medium. fr;,2) = f d?k gk rgAuf(k ), (6)
Let us consider a homogeneous and dispersive medium

whose refractive index is

> which describes nondiffracting pulses propagating in vacuum
,

N(w)=/1--2, 2) [14], as expected. We note that the existence of the plasma
w length Lp:k;1 gives rise to a phenomenology of nondiffract-
ing pulses. In order to understand the effect of the lehgth
where o is the frequency ana,, is a characteristic plasma on the structure of the pulse, let us consider its transverse
frequency of the medium. The main example of applicabilitywidth w at Z=0. Suppose thawv<L, so that, as a conse-

of Eq.(2) is that of a lossless and isotropic plasma composegyence of Eq(5), the spectrunf(k ,) is vanishing only out-

by electrons and heavy ions, whang=\4mNe?/m, No, € gide the circlek ,|=w™>k,. This implies that in the inte-
andm bemg_ the electrorj density, charge, and.mass. We ”Otﬁrand of Eq.(4) k, can be neglected with respect|to, |, so
that Eq.(2) is also a suitable model for the high frequency ihat the pulse closely resembles the one in @g. We con-

tail of the refractive index of most dielectrics and metals,q|,de that, for narrow pulses, the plasma does not effectively
since it holds whenever the field frequencies are muc%lter the structure of a nondiffracting pulse propagating in
greater than the greatest resonance frequency of the materiglcyum. From a geometrical point of view, this is related to
[37]. Let us now look for nondiffracting pulses in a medium the fact that the spectrum of a narrow pulse “explores” a vast
whose refractive index is of the form given by E&). The  (egion of the hyperboloid,, so that the major spectral
surfaceX, resulting fromzthe dg‘f[gctmn-fre_e conditiod  contribution is due to regions so far from the origin thaf,
=k,V, is given by w=nV(k;+[k [)"* (see Fig. 1, where  can pe approximately replaced by the vacuum cdpg In
Kp=wp/C. As in vacuum, this surface exists only ¥>c¢,  the opposite situationsL,, we conversely have that the
implying that nondiffracting pulses are superluminal ent't'esspectrum?(ki) is not negligible only inside the circlik ,|

also in plasmas. The surfagg, is a revolution hyperboloid <wL<k_ so that a sort oparaxial approximation can be
~ P

lying above the cone,,. and asymptotically touching it. . ! .
The vertex is on they axis atw=(7nV/c)w,, implying that done by expanding the square root in E4). up to the first
P erelevant order, thus getting

the whole frequency band of a nondiffracting pulse is abov
the plasma frequency,, an expected and necessary condi-

tion for the reality ofn(w) in Eq. (2). The existence of this

frequency threshold is the major responsible for the differ- ?(U,Z) =g nkpzf dzkieiki.rieinzlzkp\ki\z;(kl)_ 7)
ences between nondiffracting pulses in vacuum and plasmas.

The restriction of the integration domain in E@) to the

surfaces., is obtained by requiring that The structure of this nondiffracting pulse is extremely dif-

ferent from that of a standard nondiffracting pulse propagat-
. - ing in vacuum and geometrically this is a consequence of the
Fk o) =f(k ) d(w=-VpVki+[k,[?), (3)  considerable difference betwe&h, and 3, in the neigh-
borhood ofk | =0, which is the relevant spectral region of a
wheref is an arbitrary function ok, and &(¢) is the Dirac ~ Wide pulse. It is interesting to note that the field in Kd)

delta function. Inserting Eq3) into Eq. (1) and performing exhibits a structure formally coincident with that of a mono-
the integral ovem we readily get chromatic paraxial beam propagating in vacutatter the
substitutionsw/c— k,/ » and z— z-V1t). As a consequence,

the field does not show the usugishaped profile typical of
?(rL,Z) = f deLeikLueinZ\e“‘kf,Hkﬂz?(kL), (4)  alarge class of nondiffracting pulses in vacuum. The earlier
discussion proves that the plasma lengthis a key param-
eter defining two opposite limiting regimes/<L, and w
whereZ=z-Vtis the longitudinal coordinate in a frame rig- > L) for nondiffracting pulses in plasmas.
idly traveling with the pulse. Equatio() yields the most Let us now consider the family of nondiffracting pulses
general expression for a nondiffracting pulse in a plasmawhose spectrum is given by

The physical meaning of the spectrﬁlﬁkl) is obtained by

evaluating Eq(4) at Z=0 and inverting the resulting Fourier

integral, thus obtainin i . o
g g fa(k )= f;(s\‘"’m)n lgsvkg “‘ﬂz' (8)

Tk,)= fdzrle‘ikrrﬁ(rl,O), (5)

(2m)?

wheren is a positive integer andl and s are two real con-
which is the two dimensional Fourier transform of the field stants. Inserting Eq8) into Eg. (4), changing variables ac-
at the waist plan@=0. Note that, setting,=0 in Eq.(4), we  cording to kX:(hz—kf))l’zcose and ky:(hz—kg)l’zsin 6, and
get performing the integral ovef we get
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FIG. 2. Plot of the modulus ofol?from Eg. (1) as a function of/s and »Z/s at y=0 for various plasma length&a) L,=10s; (b)
Lp=2s; (¢) L,=0.5; (d) L,=0.1s. Note theX-shaped profile of plota) and the typical paraxial features of piat).

[

fn(rL,Z):f_s“”f dhe‘(s“”z)hh”.]o(\rlwhz—k,zj). 9)

k

fields, let us consider its firgand also generatingelement
obtained from Eq(10) for n=0, i.e.:

P -
R _ekpsV(a- inzls)?+r | 257

Exploiting the properties of the Laplace transform, we fo(r ,2)=f . =, (11
readily obtain[38]: \/<1 _ '77Z>2+ Iy
s &

—n e—kpsG(l - 5)2+\rﬂ2/52

’fn(rL1Z): 7n 2
LN

This is an exact result and also amalytical exampleof

(=inZls

(10

so that the parametsrturns out to control the pulse width on
its waist atZ=0. The influence of the medium is contained in
the k;-dependent exponential, implyirfg~ exp(—k,|r , |) for

Ir .| — +c, so that the pulse transversally falls off faster than
the corresponding packet in vacuum. FoKL,, ie., ks
<1, the pulse approaches the vacuum counte(ftfatexpo-

nondiffracting pulses propagating in a dispersive mediumnential practically being equal to).1For values ofs compa-

The family of nondiffracting pulses of Eq10) can be re-

rable or larger thaih, the medium influence tends to become

garded as the dispersive plasma counterpart of the welfelevant, as intuitive, and the pulse loses the typicahaped
known family of X waves introduced by Lou and Greenleaf Profile. In Fig. 2, we plot the modulus of the normalized field

[4] since, in the limiting cas&,— 0, the two families coin-

fo/ f of Eq.(11) for various plasma lengths. Note that the two

cide. In order to discuss the main properties of this class oarms of theX, typical of narrow pulses, tend to merge for
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increasing pulse width into a unique structure whose shapknown class of vacuunX waves. Our results can be applied
closely resembles a paraxial Gaussian beam. It is also intete a wide class of dielectrics and metals in the high fre-
esting to note that a field closely related to Efl) has been quency regime characterized by a refractive index of the
considered in a nonlinear regime by Cof80] in the frame  form of Eq.(2).

of nondiffracting propagation in Kerr media.

In conclusion we have presented a treatment for describ- A.C. and P.DiP. research was funded by the Italian Min-
ing nondiffracting pulses propagating in lossless and isotroistry of Research through the “Space-Time effects” PRIN
pic plasmas. In particular we have obtained a relevant familj2001 and FIRB 2002 Projects, and by the Italian Istituto
of exact solutions extending to dispersive media the well-Nazionale per la Fisica della MateritNFM).
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